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I. INTRODUCTION 


One of the greatest puzzles of modern theoretieal physies is that two highly sueeessful physieal theories, 
namely quantum meehanies and general relativity persistently refuse to reeoneile with eaeh other, meaning 
that we still have to wait for a satisfaetory theory of quantum gravity. A eomplementary approaeh towards 
quantum gravity is to eonstruet effeetive theories as an intermediate step between general relativity and a 
full theory of quantum gravity, and study its physieal applieations. These results ean then be used to unravel 
some aspeets of quantum gravity, partieularly those that emerge in the low energy limit and relate them to 
observable physieal phenomena. 

Among many approaehes in this direetion we ehose the approaeh of noneommutative (NC) gravity and 
field theory based on deformations of symmetry [1-7]. The main idea behind this formalism is to replaee 
the elassieal symmetries of general relativity (i.e. diffeomorphisms) with a twist deformed Hopf algebra 
of diffeomorphisms. In a similar way fhe symmefry of fhe field fheory, whieh is fhe Poineare symmefry, 
is replaeed by ifs fwisf deformed version. Bofh symmefry deformafions ean be inferprefed as quanfum 
symmefries and fhe mafhemafieal framework for fheir sfudy is fhe fheory of quanfum groups and Hopf 
algebras [8]. 

One of fhe mosf exfensively sfudied Hopf algebras in fhe eonfexf of physies is fhe /r-Poineare algebra 
[1, 2, 9, 10] where k denotes fhe mass-like deformation parameter usually assoeiafed wifh fhe Planek mass. 
Following fhe above idea, applieafion of Einstein’s fheory of gravify fogefher wifh fhe uneerfainfy prineiple 
of quanfum meehanies leads fo a elass of models wifh spaeefime noneommufalivify implying fhaf fhe smoofh 
spaeefime geomefry of elassieal general relafivify has fo be replaeed wifh a noneommutative geometry at 
distanees of the order of the Planek seale [11]. 

There are many examples of sueh geometries ineluding the Groenewald-Moyal plane, x-Minkowski 
spaee and Snyder spaee. As a eonsequenee of different approaehes to quantum gravity, various phenomeno- 
logieal models have emerged. The most interesting are the Lorentz invarianee violation (LIV) and Doubly 
speeial relativity (DSR) models [12, 13]. Unlike the LIV models where there exists a preferred referenee 
frame that is singled out, thus manifestly violating the Lorentz invarianee, in DSR models the postulates 
of relativity may be reformulated in sueh a way as to keep the relativity prineiple (i.e. equivalenee of all 
inertial observers) intaet, while simultaneously allowing the speed of light to depend on its wavelength. One 
way to do this is through the introduetion of yet another invariant parameter (besides that of the speed of 
light) and by modifying the dispersion relation. 

That the possible existenee of signals indieating quantum gravity effeets is not merely an aeademie 
issue neither a matter of speeulation has beeome evident in astrophysieal observations of eertain ultra- 
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high energy eosmie rays whieh seemingly eontradiet the usual understanding of the high-energy physieal 
processes. These processes include electron-positron production in collisions of high energy photons [14] 
as well as the observed data from gamma ray bursts [15] which indicates occurrence of time delay between 
two photons having different energies. It turns out that deviations of this kind can be explained within the 
DSR framework [16] by modifying the special relativistic dispersion relation with additional terms linear 
or proportional to some power of the Planck length. 

Among quantum symmetries the /e-Poincare symmetry is one of the most extensively studied together 
with the /c-deformed Minkowski space emerging out of it through the cross product algebra construction 
[2]. The reason for this is two-fold. First, the quantum field theory with /c-Poincare symmetry springs out in 
a certain limit of quantum gravity coupled to matter fields afler infegrafing ouf fhe gravifafional/fopological 
degrees of freedom [17]. This amounfs fo having an effecfive fheory in fhe form of a noncommufafive field 
fheory on fhe /c-deformed Minkowski space. The second reason is fhaf fhe DSR models are mosfly sfudied 
wifhin fhe framework of fhe /c-Poincare algebra, where fhe /c-deformed Minkowski spacetime provides fhe 
arena for sfudying fhe parficle kinemafics. 

An imporfanf question arising from fhe noncommufafive nafure of spacetime af fhe Planck scale is how 
does fhis noncommulafivify affecl fhe very basic notions of physics such as parficle sfafisfics, parficularly fhe 
spin-sfafisfics relation and how fhese changes can be implemented info a quanfum field fheory formalism. 
One of fhe approaches fo fhe above question uses fhe framework of quanfum groups [8], i.e. Hopf algebras 
and particularly fhe nofion of ifs quasi-friangular bialgebra sfrucfure (i.e. universal R-mafrix). This sfrucfure 
is imporfanf since if is closely relafed fo fhe corresponding modified algebra of creation and annihilafion 
operators which defines sfafisfics. One could expecf fhaf fhe /c-deformed oscillator algebra will lead fo 
violation of fhe Pauli principle, fhus indicafing fhe need for reformulating fhe spin-sfafisfics fheorem in fhe 
presence of noncommufafive geomefry [18]. 

In formulafing field fheories on NC spaces, differential calculus plays an essential role. The requiremenf 
fhaf fhis differential calculus is bicovarianf [19] and also covarianf under fhe expecfed group of symmefries 
leads fo some problems. Regarding fhe problem of differential calculus on /c-Minkowski space, Sifarz has 
shown [20] fhaf in order fo obfain bicovarianf differenfial calculus, which is also Lorenfz covarianf, one has 
fo infroduce an exfra cofangenf direction (calculus has one dimension more fhan fhe classical case) for fhe 
lime-like deformalions. While Sifarz considered 3-1-1 dimensional space (and developed five dimensional 
differential calculus), Gonera el al. generalized fhis work fo n dimensions in [21]. In [22] if was discussed 
fhaf by gauging fhis exfra one-form, one can infroduce gravity in fhe model, and in [23] fhis framework is 
adapted to formulaic field fheories. Besides fhaf, fhe physical inferprelalion of fhis exfra one-form wilh no 
classical analogue remains unclear and one is furlher molivaled to conslrucl a NC differential calculus of 
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classical dimension. 

Another attempt to deal with this issue was made in [24] by the Abelian twist deformation of 
'i/[igl(4, R)]. Bu et al. in [25] extended the Poincare algebra with the dilatation operator and constructed a 
four dimensional differential algebra on the /e-Minkowski space using a Jordanian twist of the Weyl algebra. 
Differential algebras of classical dimensions were also constructed in [26] and [27], from the action of a 
deformed exterior derivative. 

There is a construction [28] of a unified graded differential algebra generated by NC coordinates 
Lorentz generators and anticommuting NC one-forms |p. Enlarging this algebra by introducing a new 
generator related to the exterior derivative, the authors have found a new unique algebra that satisfies all 
super-Jacobi identities. This new graded differential algebra is universal, i.e. it is valid for all type of 
deformations (time-like, space-like and light-like). When = (uq, 0), the obtained algebra corresponds 
to the differential algebra in [20] if the extra form 4> is related to the exterior derivative operator d. Different 
realizations of this differential algebra in terms of the super-Heisenberg algebra NTY have been presented, 
and it has been shown that the volume form vol is undeformed. For light-like deformations = 0 the 
4D bicovariant calculus (compatible with [29]) was derived, along with the corresponding Hopf algebra 
structure (which is the /r-Poincare-Hopf algebra), and the corresponding twist operator. In [28] it has been 
also shown that this twist in = 0 case can be written in a new covariant way and can be expressed in 
terms of Poincare generators only. 

We will study the classification of all possible bicovariant differential calculi of classical dimension (the 
number of one-forms | e O' is equal to the number of coordinates x^) on deformed Minkowski spacetime 

More precisely, we propose to investigate algebraic structures underlying differential geometry on the 
/r-Minkowski space. As mentioned earlier, differential calculus on this type of space has been studied by 
several authors [20, 23, 26, 27, 30]. One way of constructing differential calculus is through the differen¬ 
tial graded algebra approach [31] or bicovariant differential calculus on Hopf algebras [32]. Bicovariance 
condition states that one-forms are simultaneously left and right covariant [19, 20]. We will see that the 
sufficient condition for bicovarince is given by 

= ^^v“e]R, (1) 

that is, that this commutator is closed in one-forms (and the differential calculus is of classical dimension). 
Extension of the first-order calculus to the entire differential algebra is not unique which results in different 
nonequivalent constructions depending on the type of covariance conditions imposed. In this paper we 
will give all possible bicovariant differential calculi (1) that are compatible with /r-Minkowski algebra and 
investigate their symmetries. It turns out that there are four types of bicovariant differential calculi that we 
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denote by Ci, C 2 , C 3 and C 4 . The first three are a one parameter family of algebras and are in general tgl(n) 
covariant, while the fourth, that is C 4 , is valid only for light-like deformations (a^ = 0) and is Lorentz and 
/r-Poincare covariant. Related new class of new Drinfeld twists is proposed. The C 4 algebra is the only 
bicovariant differential calculus that is Lorentz covariant. For this case we present a Drinfeld twist and the 
whole /f-Poincare-Hopf algebra. 

The paper is organized as follows. In the second section, the bicovariant calculus of classical dimension 
that is compatible with /r-Minkowski is analyzed. We present all possible covariant solutions by imposing 
super-Jacobi identities and the consistency condition for time-like, space-like and light-like deformations. 
In section III, we give a realization of differential algebras obtained in the previous section by embedding 
into the super-Heisenberg algebra S’TH. In section IV, an algebraic formulation of differential geometry 
is presented and the formalism for the NC version of the differential calculus is adopted. NC forms are 
introduced and all (anti-)commutation rules between forms and coordinates are obtained. In section V, we 
propose a class of new Drinfeld twists. In section VI, the super-Hopf algebra structure is presented, which 
enables the investigation of the symmetries of obtained differential algebras. In section VII, field fheories 
in fhe NC selling are analyzed. Using Ihe selling eslablished in seclion IV, Ihe undeformed field Iheory 
is analyzed, and after oblaining Ihe Hodge-* operalion and inlegralion map, Ihe NC version of free field 
fheories is discussed. We conclude lhal Ihere is a change in Ihe dispersion relalions and final remarks are 
given in seclion VIII. 

II. v-MINKOWSKI SPACETIME AND THE CLASSIFICATION OF DIFFERENTIAL CALCULI 

A. /f-Minkowski space 

/e-Minkowski spacelime [1, 2] is usually defined by 

{xi,Xj\ ^ 0 , [xo,Xi] = iaoXi, ( 2 ) 

where ^ is Ihe deformalion parameler usually related fo some quanlum gravily scale or Planck lenglh 
[35, 36]. Eq. (2) represenls Ihe lime-like deformalions of Ihe usual Minkowski space. We can also look al 
more general Lie algebraic deformalions of Minkowski space 

[x^,Xy] = iC^y'^XA, (3) 

where x^ = (xq, x,) and slruclure conslanls salisfy 

C/./Cy/ + Cy/C^/ + C^/C^/ = 0. (4) 
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( 5 ) 


C A _ ^ A 

flV ~ ~^Vfi • 

For - aydf^ we get 

[Xf,, Xy] ^ i{af,Xy - UyX^). (6) 

For U/j - (ao,0) we get baek to eq. (2) as a speeial ease. Generally, e M„ (Minkowski spaee M„), 
(where = -1 for time-like deformations, = 0 for light-like deformations and = 1 for 
spaee-like deformations). In this paper we will he working in arbitrary dimensions and Minkowski signature 
Tj/jy = diag(-l, 1 , ..., 1 ) (i.e. the spatial eigenvalues of the metrie are positive). 

B. Differential calculus of classical dimension 

We want to eonstruet the most general algebra of differential one-forms = dx^ € eompatible with 
/r-Minkowski spaeetime that is bieovariant, i.e. elosed in differential forms (the differential ealeulus is of 
elassieal dimension). We define 

{|^,|y)-0, [|^,Xy] (7) 

where K^y'^ e R is a fensor with respeet to the Lorentz algebra and generally it is expressed in terms of 
and rj^y for n > 2.^ After imposing super-Jaeobi identities the only eondition we have for K/^y^^ eomes from 
[x^, [Xv,|p]] -I- [xy, [|p, Xp]] -I- [Ip, [Xp, Xy]] = 0 and it gives 

Ka^‘'K,v^ - KAy‘^Ka/ - Cpy^V’. ( 8 ) 

Other super-Jaeobi identities are trivially satisfied by using (3) and (7). Eq. ( 8 ) is valid for general Lie 
algebraie deformations of spaeetime (3). We also introduee the exterior derivative d = [fj, •] in a natural way 

dxp = [? 7 , Xp] = Ip, ^0, 77 € S^. (9) 

When we apply d = [?),•] on (3) we get 

[I/., ^v] - [|v, Xp] = iCf,y% K^y’^ - Ky^^ = C.y'^. (10) 


We eall eq. (10) the consistency condition. 

In order to eompletely elassify differential algebras eompatible with /e-Minkowski spaee we have to 
solve (8) and (10) for We demand that .^fpy“ e R, that in the limit ap ^ 0 the problem reduees to 

^ For n = 2, is expressed in terms of and e^y. 
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commutative case i.e. lima^_^o = 0 and that the tensor has the dimension of length. Therefore, it 
follows that the most general ansatz (for n > 2 ) is given only in terms of and via 


Kfiva ~ AoCl^ClyCliy. + A\T]^y(lQ; + ^21^f^a^V A^riycgCl^, 


( 11 ) 


where A\, A 2 , A 3 e 1. are dimensionless parameters and Aq is of dimension (lenght) hence Aq = c e R 
for and Aq = 0 for - 0. After we impose (10) we get 


A 3 — 1 + A 2 . 

Equation ( 8 ) gives 

Asia^Ao + A 3 - 1) = 0, 
Ai(a% +Ai + 1) = 0, 
AiA^a^ = 0. 


We have four different solutions^ 


1 . Ai = 0 , A 2 = - 1 , A 3 = 0 , o^Aq = c 

2. Ai =0, A 2 = -c, A 3 = 1 - c, o^Aq = c 

3. Aj = -1 - c, A 2 = -1, A 3 = 0, o^Aq = c 

4. Aj = — 1, A 2 = 0, A 3 = 1, = Aq — 0 


( 12 ) 


(13) 

(14) 

(15) 


where c € R is a free parameter. We will denote these four algebras by Ci, C 2 , C 3 and C 4 respectively’. It 
is important to note that the first three solutions C 1 , 2,3 are valid for all € R. There are two cases: when 
= 0 then Aq = c = 0, and when 0 then Aq = c/a’. The fourth solution C 4 is only valid in the 


® For n = 2, there are other covariant solutions, for example + C 2 eapci^) - rja/iOy, where Ci, C 2 6 R are parameters 

and 0. 

^ Where C stands for covariant. 



light-like case = 0 . Explicitly for the tensor K^^ya we have 

c 9 

—ttuayUa - rinaCiv, if a 
Cl : K^ya = « 

if = 0. 

/ 

C 9 

—ttuayUa - CrjaaCly + (1 “ c)T]yaau, if a 0 

C 2 -. K^ya = y 

rjyaa^, ifa^ = f). ( 16 ) 

c ^ 

—auayUa - (1 + c)rinyaa - Tluadv, if a ^ 0 
C3: K^ya = \^ 

-riiiy^a - Vfiaay, if = 0, 

C4 ■ K^iya ~ ~^fiy^a Only for Q — 0. 

Inserting ( 16 ) into ( 7 ) we have 

' c 

i—a^ayia^) - iay^u, if 

Cl : [|^,x,]= 

-iay^^, if = 0 

r 

C- A. A. A. 

i^auQyia^) - icay^u + i(l - c)au^y, if a 0 

C2: [|^,x,]= 

/a^lv, if = 0 (1^) 

' c ^ 

i^a^Uyia^) -i{f+ c)j]f,y{a^) - iuy^^, if 0 

C3: [^^,x,]= 

-ir]f,y{ai) - iayi^, if = 0 

C 4 : [if,, Xy] = -i7]f,y(ai) + iafiiy, = 0 

where we used a| = aQ,|“. 

There are also some special cases when c = 0 and Aq = 0 in ( 16 ). We denote these three special cases 
by^ .Si, .S2 and .S3 

.Si : [if„Xy] = -iUyif,, € R 

•Si ■ [ifi,Xy\ = ia^jiy, e R ( 18 ) 

.S3 : [ifji,Xy\ = -i 7 ]f,y{ai) - iayif,, € R 

In section VI we will relate the algebra .Si to right covariant realization, the algebra Si to left covariant re¬ 
alization, the algebra .S3 to Magueijo-Smolin realization and C4 to natural realization (see [ 40 - 43 ] for more 
details on realizations). It is important to note that the algebra C4 is valid only for light-like deformations 
- 0 and is equivalent to the algebra obtained in [ 28 ]. 

* Where S stands for special. 
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Solutions Cl, C 2 , C 3 are new and eaeh of them eorresponds to time-like, light-like and spaee-like de¬ 
formation parameter a^. For time-like deformation = (ao, 0,0,...), differential algebras Di, D 2 were 
eonstrueted in [30], while Ds obtained from C 3 is a new solution. For c = 1 we see that algebras 
and eoineide. This ease was in detail investigated in [37]. In [38] (see Corollary 5.1.) the eases ly^^ 
and ly^^ were obtained from a different eonstruetion. For light-like deformation - 0, we have also 
found three new solutions (see eq. (17) for = 0). The important properties related to twisted super Hopf 
algebras are presented in seetion VI. 

Remark 

The solution C 4 holds only for light-like deformation = 0. This solution was eonstrueted first in 
[28]. In [28], we have eonstrueted universal /c-Poineare eovariant differential ealeulus over /r-Minkowski 
spaee. This universal algebra has been generated by |x^, M^y, 77 , (where M^y are Lorentz generators) 
for time-like, light-like and spaee-like deformation parameter a^. If + 0, bieovariant ealeulus implies 
that, besides one-forms |'^, there is an additional one-form proportional to 77 . Only in ease of light-like 
deformation = 0 , the one-forms have elassieal dimension, i.e. the additional one-form does not appear. 
However, in present paper we start with /r-Minkowski spaee and demand elassieal dimension for one-forms. 
Among all the solutions for light-like deformation (a^ = 0), only solution C 4 eoineides with light-like 
ease eonstrueted in [28]. It follows that solution C 4 is eompatible with /r-Poineare Hopf algebra, whieh is 
demonstrated in seetions V A and VI C. 


III. EMBEDDING INTO THE SUPER-HEISENBERG ALGEBRA 


A. Realizations via super-Heisenberg algebra 


We ean enlarge the /r-Minkowski and differential algebra by introdueing derivatives (we eould also 
use the physieal momenta 77 ^ = -f<5^) and Grassmann derivative with the following properties 

\df^,dy\ = \qf^,qv] = Vd^,qy\ = 0 (19) 


Then the most general algebra between NC eoordinates, forms and derivatives that satisfies super-Jaeobi 
identifies is given by 


{df^,Xy\ = (fi/ivid), [<5^,|y] = 0, 

[qi^,Xy] = (fip^pyid), [q^i,h] ^ yfivid) 


( 20 ) 
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where and are invertible matrices satisfying following differential equations 


d{dP) 

diff, 

d{d‘^) 


tp y- 


5((9“) 


^ jl ~ ^^jlV ^ 


dip^f^y „ „ 

5(5P) ^ 




( 21 ) 


- (P^<ryL'% = iKf,y°‘lfa 


where for ^ 0 we have the undeformed super-Heisenberg algebra, that is (p^y - rj^y, ipapy = 0, v^y = rj^y 
and Kajjy = 0. The above eqs. (21) are complicated and have infinitely many solutions, but we can analyze 
some special cases. If we take that ip^yp = 0 then the third equation yields ■^^ip‘^y = iRpy^if^, which for 
fixed ip and K defermines fhe unique deformafion of differential forms, i.e. Vpy rjpy. On fhe ofher hand, if 
we lake lhal fhe algebra of differential forms is undeformed |^^,|y} = rjpy, fhal is Vpy = rjpy fhen we have 
a unique solution for i^py = -iK^y^. In bofh cases fhe function ip is defermined only by fhe firsl relation in 
eq. (21) and fhe general solufions are analyzed in [45]. 

The exferior derivative d infroduced in (9) can be wriffen as 


where fhe generafor f] e SH-i. is given by 


d ^ \f], •], 

f! = lad\ 


( 22 ) 


(23) 


The definition of exterior derivalive (9) and (22) fixes fhe realization ippy{d) and we have 

= iKaffd\ (24) 

Since Kpya is determined by (16), we see lhal for fixed algebra of differenlial forms and NC coordinales we 
have a unique linear realization for Xp given by (24). 

We can embed fhe whole algebra (2), (7), (19), (20) info fhe super-Heisenberg algebra defined by 

[Xp, Xy] ^ [dp, dy\ = 0, [dp, Xy] ^ TJpy, 

[^p,^y[ = [qp,qy} = 0, [^p,qy}^qpy, (25) 

[•^jU’^^y] “ [^fi^qvl ~ [dp,^y\ — [dp,qy^ — 0, 

and find fhe realizalions for all NC generalors in terms of fhe generalors of super-Heisenberg algebra via 

Xp ^ Xaip^p + ^a^f^pqp, ip = ^aV‘'p. (26) 

If is slraighlforward lo verify equations (20)-(26) wilh given realizalion (26). In [34] we have analyzed fhe 
realizalion of NC coordinates by embedding fhe whole algebra info fhe Heisenberg algebra and Ihere we 
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have outlined the relations between different realizations (that is all the bases of Heisenberg algebra) by 
similarity transformations. Similarly, we can relate two realizations and {x,d,^,q} of super- 

Heisenberg algebra 

x'^ = 8x^£r^ ^ Xail/‘"fi{d) + ii{d)qfj 

d' = = A^(5) 

" (27) 

- £^^£-1 = ^aU>\{d) 
q^ = &q^&~^ = q“cbf,a{d). 

Hence, if we have one solution of (21) we can generate another solution via similarity transformations £. 

B. Class of differential calculi with undeformed exterior derivative and 1-forms 

In the special case when = ? 7 /iv we have = -iK^y which leads to 

Xf,- iKaff{xpd“ + ^pq“) = Xp- iKap^Lp", ip = ^p, 7) = ^^9“, (28) 

where Lpy generates the gl(n) algebra (see Section V for further discussion). Note that, because xj, = Xp, 
9 J 1 - -dp, qji - qp, = ^p and [dp,Xy\ - [^p,qv} = qpv, it follows that Lpy is antihermitian, so the 
realization (24) is hermitian. 

We have only four classes of covariant realizations for NC coordinates Xp 
c 

—ap[{ax){ad) + (a^){aq)] + a„[(xo) - 1 - {^q)], a 0 
C\-.Xp = Xp-i\ a 

ap{{xd) + {^q)\, 

C 9 

-^ap\iax){ad) + {a^){aq)\ + ca^[(x5) - 1 - {^qj\ - (1 - c){Xp{ad) + ^p{aq)\, a 

Cl - Xp - Xp - i< ^ 

[-Xp{ad) - ^p{aq)], = 0 (29) 

c n 

—ap[(ax){ad) + {a^){aq)] - 1 - (1 - 1 - c)\(ax)dp + {a^)qp\ + ap\{xd) + {^q)\, a 

Ci,\Xp = Xp-i- ^ 

[{ax)dp + {a^qp} + ap[{xd) + (^^)], ^ 0 

C 4 : -I- i\(ax)dp + {a^y\qp - i{Xp{ad) + ^p{aqy\ = Xp + ia"Map, = 0, 

where Mpy = Lpy - Lyp are Lorentz generators (see Section V). It is important to note that (29) are all 
possible covariant linear realizations of (3). Namely, if we take (28) as an ansatz and just insert it in (2) or 
(3), we would get that the tensor Kpya has to satisfy ( 8 ) and (10) (without refering to differential forms i or 
exterior derivative d) [53]. In other words only for linear realizations of x-Minkowski space, one can have 
undeformed differential forms ip = ^p- 
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C. Action of on 


Let us mention the /c-deformed super-Heisenberg algebra which is generated by NC coordinates Xfi, 
one forms derivatives and Grassmann derivatives q^, and c which is a unital subalgebra 
generated by NC coordinates and one-forms |p. We can define the action (for more details see [34, 37, 
39]) ► : ® ^ where, symbolically, = S^TiST, and ST is a unital subalgebra of 74 

generated by 5^ and : 

Xfi ► g(x, I) = x^g{x, I), ► 1 ^ 0, 

► g{x, I) = ^^ig{x, I), ► 1 ^ 0, 

(30) 

dji ^ Xy — ?7^v, qfi ► 

► iv = 0, ► Vy = 0 

IV. NC DIFFERENTIAL CALCULI OVER /^-MINKOWSKI SPACE 

In section II we have found all possible differential algebras of classical dimension that are compati¬ 
ble with /r-Minkowski space. Our goal is to develop a differential calculus, that is, to define the exterior 
derivative and higher order forms. First we will outline the usual undeformed differential calculus over 
undeformed Minkowski space, but using our algebraic approach. Then the NC analog is developed. 

Let us first analyze the usual undeformed differential calculus in the more algebraic language. In the 
usual, undeformed differential geometry we would have a unital Abelian algebra generated by and 
algebra QP c SSi, p e [0, generated by p-forms co - where caay..ap e SI and 

= Si. Then the exterior derivative is a map d : ^ that satisfies the Leibniz rule 

d(/g) ^ (d/)g -I- f{dg), (31) 

where f,g € Si and is simply realized by d = [q, •] and q = ^“5^. Of course, since [x^, ^v] = 0 we have that 
one forms are given by 

df = e{da>f) = {da>f)e, (32) 

where da> f = Usually one forgets about > and simply writes df - ^dx“. 

A. A. A. 

Now we analyze the noncommutative case. Let Si be a unital algebra generated by x^ and c SSi 

A. A. A. A^ A. 

an algebra generated by NC p-forms d> = Wq-j . 0 ,^^“*...^“'', where d)ai...ap £ Si and = Si. The exterior 
derivative d is a map d : ^ that satisfies the Leibniz rule 

d(/g) = (d/)g + /(dg), (33) 
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where f,ge^. Eq. (33) is easily fulfilled by ehoosing d = [fj, •] and f) = as mentioned in the previous 
seetions (see (9), (22)). The eommutation relations between differential forms |'^ and an arbitrary element 
of ^ ean be written as 


y - (A/.a ► /)!“, fh = ► /), (34) 

where A^y is expressed in terms of derivatives and A“y = (A“^)^y denotes the inverse matrix, i.e. 
A“^A"y = ? 7 ^y. Sinee d/ = [t),/] e c it follows 

d/ = [ty,/] ► 1 = iy/ ► 1 - ^ - eida ► /). (35) 


That is we have 


a/ = |“(5„ ► /) = (5^A^„ ► /)!“. 


(36) 


Furthermore, eq. (36) and Leibniz rule (33) imply 

kfg) mg+fm tda ► ifg) 

inida ► f)g + (A^^ ► fW ► g)] 

and by eomparing the first and last line in (37) we get the Leibniz rule for da 


(37) 


da ► ifg) ^ {da ► f)g + (A^^ ► f){d^ ► g). 


(38) 


The Leibniz rule and eoproduet are related via da ► ifg) = m[Ada ► (/ ® g)], where m{a ®b) - ab, so that 
the eoproduet for is given by 


Adf, ^ ® 1 + A^^ (g) 5“, 


(39) 


and sinee d^ generates a Hopf algebra of translations it follows that its antipode and eounit are 


S{df,)^-daA%, e(5^)-0. 


(40) 


The assoeiativity of the produet between forms and elements of ^ gives 


^ img 

(34) - (34) 

^ m ► (/t)]r = im ► /)rt ^ 

(Ap„ ► /)(A“ ► 


( 41 ) 
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We can read out the Leibniz rule for A^q, as 

^^ia ► ifg) ^ (A^/J ► /)(A'®q, ► g). 


(42) 


and extract the following coproduct 


AA^, = A^„®AV (43) 

Additionally we have 

S (A/,v) = K~l, 6(A^y) ^ ?7^v. (44) 

It is important to note that the constructed differential calculus is bicovariant, meaning that all products 
of higher forms are again differential forms regardless of the way they are multiplied. To illustrate this more 
closely let us consider two different forms: co e and 0 e Written in basis we have 

„ (45) 

where and There is a relation between and via (34) (same 

for 0yui.../ip and ). Of course if we multiply ai with 6 it is easy to see that toO QCb, but because of 

bicovarince we have 

(46) 

where and € ,5^ and they are interrelated with d)/,,.../,, and by 

using (34). Bicovariance leads to condition (7) which enables us to find (34) and define all fhe higher forms 
in a consisfenf way (as illusfraled above). 

In formulating differenlial calculus if is imporfanf fo know all fhe commufafion rules for (and befween) 
fhe elemenfs of ^ and Q>’. The commufafion rule befween one form and an arbifrary elemenf of ^ is 
defermined by A^y (34). The commutation rule between NC coordinate and an arbitrary element of ^ is 
determined by O^v (see Appendix A) 


We point out that 


xj - {O^a ► />“, fx^ = x‘^{[0-%a ► /). 


'^-“y^(e%’ e^y = ic^ud^r, 


(47) 


(48) 


15 



and similarly A^y is given by^ 


A^y = (e^)^, = 


where is the derivative eorresponding to the Weyl ordering [40] (see also Appendix A and B): 


_ iad^ i, iad^ \ 

[d^ , Xy] ^ 11 _ J ’ 


where we used ad^ = a‘^d^. We also have 


V^^ai Xy] — iApy^AyjQ,, 

{0^a,Xy] = iCf^y^O/}a- 

In /r-Minkowski spaee it is useful to introduee the shift operator Z, defined by 

[Z, Xa] = ianZ, [Z, da] = 0, 


where 


The expression for O^y is: 


[Z,^^] = 0 , [Z,^^]= 0 , 


Z = 


0/iv ^ JlfivZ ^ + iUi^d^ 


Explieit expressions for A^y (and its inverse), 5^ and Z for .Si, S 2 , .S 3 and C 4 are: 


^l^y ~ dfiyZ , [A ]^y — Tj^yZ, 


5,7 = 57 -, Z - e^'^ = 1 + iad^ 

M t'z-l 


Apy ^ rii^y + ia^d^^ r^^y + ia^d^Z, [A \y ^ r^^y - ia^d^, 


d'^ = d^ 


ill Zu 

-r. -Z - - 

1 -Z-i 1 


' For a different derivation of A^y using realization and coproduct see [53]. 
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• .S3: 


A/iv = 




- iavd 




1 -z- 

InZ 


[A %v ^ rifivZ + iaydj'^^ 


1 ) 


InZ 


(60) 


= 

'-’fi 


dff^ - iUf, 


Z- VZ^ - a\d^sj2 


InZ 


Z- 1 


, Z - (61) 


C 4 (a^ = 0 ): 


Ajuv “ ^fiv icif^d 


w 


Z- 1 
InZ 




,wf_ 

^ InZ 


1 Qua 


+ 




= rj^y - ittyD^ + ia^{Dy - -ayD^)Z 

[A ]^v “ ^/iv ~ i^fjDy + iciy(D^ — —Uf^D )Z 


(d^r 


Zl/2_z-l/2 

iiiz 


(62) 


5,'f = (D,-^D 2 


InZ 

1 -z-i’ 


Z - 


1 


1 - iaD 


(63) 


where d^, d‘^, and eorrespond to .Si, S 2 , Sj and C 4 respeetively (for the derivation see Appendix 


B). 


The commutation rule between NC coordinate and an arbitrary element;y = |,j p < n is 

*^x)- (64) 

From x^-x^i-iKa^fiXpO^^ + ^pq°^) = Xp-iKap^Lp", where Lp" generates the gl(n) algebra (see eq. (74a) 
in Section VI), it follows 


[qti,Xy] =-icfK/syp (65) 

and we find 

qfif = {Qfi ► /) + (A“p ► /)^“ (66) 

from which we get the Leibniz rule for qp and extract the following coproduct 

^qp=qp®l+ {-f^ [A-l],p ® q\ (67) 

where [Ai,Xp] = [Ai,5p] = 0, [Ai,|p] = |p and [Ai,^p] = -qp. Note that dp, qp, fj and Ni generate a 
super-Hopf algebra. From the undeformed Leibniz rule for 77 it follows that Aq is undeformed, i.e. Aq = 
Aqt) = ?7 (g) 1 + (-)^* ® q and AVi = Vi ® 1 + 1 ® Ai (see section VI). 
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V. RELATED CLASS OF DRINFELD TWISTS 


Here we present Drinfeld twists leading to equations (28) and (29) whieh generate super Hopf algebra 
strueture (seetions IV and VI). These twists ean be obtained using a method that has been developed for 
eonstrueting a Drinfeld twist from linear realizations (28) [53] 

r = exp(7<>„®L“^) (68) 

where L^y generate gl(n) algebra, see equations (80) and see equation (49). They lead to 

the super-Hopf algebra struetures defined by Aq^^, AL^y, where the eoproduet, antipode and eounit are: 

Ag = TAogT-\ 

S{g)^xSo{g)x~\ x-rn{{l®So)T}, (69) 

e(5) ^ 0, 

where Aog = g( 8 )l + l®gis the undeformed eoproduet for and L^y, Agq^ = qfj® 1 + (-)^' ® q^ and 
5'o(g) = -g is the undeformed antipode for and L^y and So{q^) = -(-)^'^^ - ^p(-)^'- Drinfeld twists 
( 68 ) are new and lead to deformed super Hopf algebra in seetion VI. 

For Cl, C 2 , C 3 and C 4 , twists are: 


Tci = exp || 77 q,^ - j In Z (g) = exp |ln Z (g |d - j|, (70) 

Tc 2 ^ exp I c |? 7 q 53 - j In Z + ® L“^|, (71) 

Tci = exp I j In Z + (1 + c)iaadj ® , (72) 

Tc 4 = exp [{iaad^ - iapd'^') ® ^ exp ® M“^} (73) 


where M^y = L^y - Ly^j. Note that in [37] the extended twist was used to obtain the differential algebra 

=Df\ 

Starting from the twist operator, the realization ean be obtained using 

x^ = m [r-\> ® l)(x^ ® 1)] = x^- (74) 

Using twists (70), (71), (72) and (73) yields realizations Ci, C 2 , C 3 and C 4 respeetively, whieh satisfy 
/r-Minkowski algebra. 
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A. Twist leading to /f-Poincare Hopf algebra 


Here we point out that only the ease C 4 is /c-Poineare eovariant and that the eorresponding twist operator 
ean be written in a eovariant form [28] 


Tc^ = exp \ (g) Map 


= 0 , 


(75) 


whieh is expressed in terms of Poineare generators only and satisfies the eoeyele eondition. 

We point out that the twist in eq. (75) is a unique eovariant Drinfeld twist, expressed in terms of Poineare 
generators, eompatible with /e-Minkowski spaee ( 6 ) and /c-Poineare (super) Hopf algebra: 

1 


AP^ = AoPf, + 


P„a“-a„|P" + -a“p 2 |Z 


^AoQu + (-) 


Ni 


P„a“-a„|P“ + ^a“P^|Z 


AM^y = AoM^v + (d^y - d>^) (P^ + Z®M, 


Qa 

ap 


SiPa) - 


Ai 


aJP„ + -a„p 2 lP“ 


-Qa- au\Pa + \aaP‘'\Q' 


lap 


5(<2^)-(-) 

S{M^y) - -M^y + {-a/y + a.d^^) |p“ + ^a“p2j Ma 
and the algebra is given by 

^Ap\ ~ ~ VpA^vp ~ Vvp^pA Vpp^vA) 

l^yUV! Pa\ ~ ^vaPp ~ ^pA^V 
L^pv^ 2/l] — ^vaQp ~ ^paQv 
[P^.,<2v] -[P^.,Pv] = j<2^.,<2v) = 0. 


(76) 


(77) 


VI. SUPER-ALGEBRA £ AND DEFORMED SUPER-HOPE ALGEBRAS 

The differential ealeuli that we developed so far is bieovariant. Bieovarianee eondition states that one- 
forms are simultaneously left and right eovariant [19, 20]. The sufheient eondition for bieovarianee is 
given by 

[|^,x,] = (78) 

that is that the commutator (78) is closed in one-forms (and the differential calculus is of classical dimen¬ 
sion). Of course conditions ( 8 ) and (10) naturally hold. Covariance of differential calculus under a certain 
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symmetry algebra Q c Sl-{ generated by gi e ^ is defined in the following way 

gi ► = m (Ag;(^ (g) ►)(xp (g) |y)), and gi ► (|yXp) ^ m (Ag,(^ ® ►)(|y ® x^)) ■ (79) 

The question that remains is what are the symmetries of our differential ealeuli. To answer this question 
we will eonsider an algebra X whieh is generated by L^y, d^, q^, q, Nq and A^i and has a super-Hopf algebra 
strueture. 

A. Undeformed super-Hopf algebra structure of X 

The super-algebra X is generated by gl(n) generators L^v> translations and generators q, Nq and 


Ni satisfying 

[Ajuv> ~ Vva^fifS ~ (80a) 

[Ajuv? dp\ — ~qfipdy, [Lpy, qp] — —qppqy, \L,py, q\ — 0, (80b) 

{dp,dy^ = \qp,qy] = {dp,qy^^O, (80e) 

q^ = 0, [q,qp] = dp, [q,dp] = 0, (80d) 

[Ao, Lpy^ = {NuLpy^ = \Nq, Ni\ = 0, (80e) 

[A^o, dp\ = -dp, [No, qp] - [Ni, dp] = 0, (80f) 

[Nuqp] ^ -qp, [Ao,??] ^ -??> [A^i,?/] ^ n- (80g) 

There exists an undeformed super-Hopf algebra strueture defined by fhe eoalgebra sfruefure 

Aog = g® 1-r 1 (gg, (81) 

where g € ju^y, dp,No, Ni |, wifh grade |g| = 0 and eoproduefs for qp and q are given by 

A()^^ = qp® I + (-)^‘ ® qp, (82) 

A()77 = ?7 ® 1 -I- (-)^‘ ® q, (83) 
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with grade \q\ - 1 and I 77 I = 1 . 
The antipode 5 0 is defined by 



S o(g) = -g 

(84) 

for g € {L^y, Ao, 2/1 } and 



S oiqfi) = - 

-i-f'q, = Soiq) = -{-f'q - 

(85) 

The eounif eo is defined by 

eoig) = 0 , 

( 86 ) 

for all generators, and eo(l) = 1 . 



B. Deformed super-Hopf algebra structure of X 


Using Drinfeld twists from seetion V we eonstruet deformed super-Hopf algebras whieh 

the eoalgebra sfruefure A 

are defined by 

AL^v 

- L^y (g) 1 -1- ^A^y dv + Apa j (g) L , 

(87) 


A5p = di,®l+ A“^ g) d", 

( 88 ) 



(89) 


A ;7 = 77 ® 1 - 1 - (-)^' ® q. 

(90) 


ANo = AoAo + A^; ^5^ ® 

(91) 


ANi ^ Ai ® 1 -e 1 ® Ai = AqAi 

(92) 


where A^y = (e^)^y and fK^y = iK^^avid'^T ■ Antipode S for all generators is obtained by using S(d^) - 
-5^, S(Xfjv) = -Xfjv, S (Apy) = A“y, S (A“y) = A^y, and S{d^) - -5q,A“^. The eounit e is unehanged, i.e. 
e = eo. This defines fhe deformed super-Hopf algebra sfruefure of X- 
Sinee X c for fhe aefion ► (see (30)) we have 


J A. _ A. 

A/iv ^ — qvA^fi't 

q> Xf,= if,, 

0' 

II 

▲ 

Cr- 


Ao ► X/, = x^. 

o' 

II 

<VJ' 

▲ 

Ni >■ Xfi = 0, Ni ifi - ifi. 

(93) 

► Xy = q^y. 

T 

II 

p 

o' 

II 

> 

<K 

▲ 

T 

II 

< 
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and g ► 1 = 0, Vg € X. 

In order to calculate the action of the generators of X on an arbitrary element of SJl, we use commutation 
relations ^ JlvAiXf, + - iK/^AvL/ + and [L^v,|/!] ^ rjAv^fi, which are obtained 

using L^y — x^dy + ^^qy, x^ — — iKp^aL ^ and 

The covariance property under the super-Hopf algebra X holds: 

g ► (/t) ='«(Ag(/®g)), geX, f,g€SJ{ (94) 

For example, one ean easily eheek 

^ ~ ^ ^ (.^a ^ ? (95) 




and 




(97) 


A. A. / \ 

The deformed super-Hopf algebra acting on (g) 1 and ® 1, i.e. using g/ = m(Ag(^ ®l)(/(g) 1)1, 
Vg € X and / e .S2?l, leads to 


[Apcr? -Tv] — T^trvXp + i^o-yKppaJ-^ ^ iKpy(j-Lp -t iKpyo^L ^ 


(98) 




[dp, Xy] ^ rjpy - iKjjyp^, [dp, Iv] ^ 0, 


[(jlp,Xy^ — iKjjypC^, “ ^Ipv 

[ri,Xp]^ip, {77,|p} = 0, 


(99) 

( 100 ) 

( 101 ) 

( 102 ) 


which also leads to 


r A. A. -1 A A 

l^Xn^ Xy] — CluXy dyXn^ 


j|p,l4 = 0, [|p,Xv] 


(103) 

(104) 
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The realization for L^y, Nq, N\ and rj in terms of the super-Heisenberg algebra S‘H follows from 

(98)-(104) and is given by 



II 

1 

s 

(105a) 


II 

(105b) 


Lpy — Xpdy + ^p(Jy, 

(105c) 


Nq = 

(105d) 


ZVi - 

(105e) 


'%> 

vS 

II 

Cr 

(105f) 

This proves fhe consistency of our 

We poinf ouf fhaf generators Ip 

approach. 

= Xp - Xp = -iK^paL"^ close /e-Minkowski algebra (when ap 

^ 0 fhen 


Zp ^ 0). Since £, and AqZ^ = Z^ (g) 1 -i- 1 ® Z^, we can apply twist T' from equation ( 68 ) 

= (106) 

From general structure of twist T = exp ® - exp (-5^ ® Z“^ it is clear that AZ^ is closed in Zq, and 

da- This is the main feature of all solutions in the present paper. 

C. Symmetries of differential algebras *Si, »S2, *S3 and C4 

Our differential algebras (obtained in section II) are covariant under certain /r-deformation of the igl(n) 
algebra, but in the special case of .Si we have Poincare -Weyl, and in the case of C 4 k- Poincare covariance. 
For .Si defined by K^ya = we gef = x^ + ia^D and we have 

[Apo-, Xy] — T](TV^P ~ Z?/(TV^p^. (107) 

where D = La'^ = A^o + H we define fhe Lorenfz(S 0(1, n - 1)) generators by M^y = L^y - Ly^ we have 

[Mpo-, Xy] ^ r]o-yXp - r]pyXa- - i{r]o-vap - r]pyaa-)D, [D, xa] = -Xa - maD. (108) 

Nofe fhaf eq. (108) includes fhe dilafafion operafor D. This implies fhe Poincare -Weyl algebra, which is 
fhe underlying symmefry of fhe differential algebra .Si and is compafible wifh [24, 25]. 
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For S 2 defined by Kf^ya = rfy^a^ we get = x^- ia^Li^a and we have 


[^p(T? -^v] “ V(TvXp + icipL V(T? (109) 

which illustrates that the underlying symmetry of the differential algebra S 2 is described by the /r-deformed 
igl(n)-algebra and is compatible with [44]. 

For S 3 , defined by K^ya = - il^iaCiy we gef - Xfj + ia^^La^ + ia^D and we have 

V^ptT-f Xy^ — Tjtj-yXp — iTjo-yU Lap + iUo-Lpy - iripyUaL"^ - iria-yUpD, ( 110 ) 


which illusfrafes fhaf fhe underlying symmefry of fhe differenlial algebra .S 3 is described by fhe /r-deformed 
igt(n)-algebra and is compafible wifh fhe Magueijo-Smolin realizafion [39]. 

For C 4 defined by Kpya = -rjpyUa + rjyaUp, = 0, we gef Xp = Xp - ia“{Lpa - Lap) and we have 


\Lpcr-, Xy\ — Tjo-vXp iTJa-yd Lap "t" i^crLpy iTJpyCt Lacr "t" ictpLya-. 


(Ill) 


If we define fhe Lorenlz(S(9(l, n - 1)) generators by Mpy - Lpy - Lyp, we gel Xp = Xp - ia“Mpa (where 
{Pp,Xy) - -irjpy, {Xp, Xy\ = {Pp, Py\ = 0 anfi Xp and Pp Iransform vectorlike under Mpy) and we have 


{Mpa, Xy\ — Tjo-yXp ^pyXcr + iO-Q-Mpy iUpMya-- (112) 

Note lhal eq. (112) is expressed in terms of Lorenlz generalors Mpy. This implies fhe k- Poincare algebra, 
which is fhe underlying symmefry of fhe differenlial algebra C 4 . It is important to emphasize that the 
differential algebra C 4 is the only algebra of classical dimension compatible with the /e-Poincare -Hopf 
algebra (76) (see also subsection V.A.). 

We note that this section can be generalized to the super-Hopf algebroid structure. 


VII. FIELD THEORY 

The study of field theory over /r-Minkowski space is relevant for physics, since it may provide an inter¬ 
face between quantum gravity, NC geometry and their physical manifestations. Until today there is fairly 
large literature on /r-deformed field theory [23, 42, 46^9], but all of these theories are very special, since 
they can be related to a specific realization or they are using the differential calculus with one extra form. 
Our goal is to give a framework for constructing field theory with differential calculus of classical dimen¬ 
sion. In order to do this we need to introduce higher-degree forms, the Hodge-* operation and an integral to 
define an action for the fields. 
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In the usual undeformed differential geometry the higher-degree forms are defined via wedge produet A, 
but sinee one-forms in our approaeh generate a Grassmann algebra we have co = cUq-j... a^dx®' A ... A dx“'’ = 
€ QP. The Hodge-* operation is defined as a mapping * \ QP ^ QP~p via 

aAfi*=a*Afi = a(fi)*^ (or)* vol, (113) 

where a,j3 e and vol = dx*’ A ... A dx”“^ = is the volume form. The integral is defined as a 

linear map 

J (114) 

and it is closed in the sense that J doj = 0, Voj € Q”. 


A. NC field theory 


So far we have established the connection between the usual methods of differential geometry and our 
algebraic approach. Now, we want to investigate the NC generalization and apply it to construction of NC 
field theories. 

The higher degree forms in NC case are defined via 

(115) 

The Hodge-* operation is defined as a mapping * : ^ by 


or (fit = (af ^ vol, 


(116) 


A, A, t A, ^ >1 

where a,fi e Q. and vol = is the volume form. For n = 4 we have 

(?")* = 

1 


ittf = 

(|t'|v|.p^cr)* _ g/ivpcr^ 

The integral is defined as a linear map 


/ 




(117) 


(118) 
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where the integral is elosed in the sense that 


deb = 0, Vd> € Q”. 


It is easy to see that for n = 4 we have 


Jdd> = J 1^(5^ ► 

^aia2a^a^)^ — J = 0 . ( 120 ) 

At this level, the integral symbol defined by (118) and (119) is just a formal notation. However, in the 
C 4 -ease the integral is invariant under the aetion of /c-Poineare algebra, so that the integral introdueed here 
is the standard Lebesque integral applied to the funetions whieh give a realization of the /c-Poineare algebra 
through the ★-produet [23, 50, 51]. 

Now, we are ready to write an aetion S for a real NC sealar field ^ e We have 

S = Jd^ (d^f+m^^ (0)*. (121) 

Sinee d0 = {dpA^a ► 0)^“ and using (116) we have 

d0 (d0)* = {d/jA^a ► ^){dpA^" ► 0)vol 

( 122 ) 

A. A. '> A. A. A. _ 

0 (0) = 00vol, 


f ((dX 


► 0)(5pA^“ ► 0) + vol. 


To find fhe equation of mofion we impose dS = 0, fhaf is 


whieh leads fo 


dS = J dd0 (d0)* d0 (dd0)* -t (0)* {6^f 

= J -d0 [d(d0)*] (d0)* (dd0) mX ih* + 

= J d0 [-d{Uf +m^{h*] + [-kUf + m^{h*] 


[d(d0)*j = 


where we used 


J d[d0 (d0)*] - 0 - J dS^ (d0)* + J [d(d0)*], 
J d[d0 (d0)*] ^0^ Jd(d^f d0 + J'd^ (dd0)*. 


(wr = h 
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Eq. (125) represents the NC generalization of the Klein-Gordon equation. Let us investigate the l.h.s. of 
eq.(125). We have 


[d(d 0 )*]* 


[{dyh'^dpAf^^ ► 0 )vol]* 


= dyhJ^dph!^^ ► 0 . 

So, for the equation of motion we have 


dadpA^^K^^' ► 0 - nP'^ = 0 . 


(127) 


(128) 


B. Dispersion relations 


We ean look at some speeifie examples for A“^ and derive the NC dispersion relations. For example for 
.Si we have A^q, = 77 ^aZ“^ so for the NC Klein-Gordon equation we get 

Si : {dPfz-'^ ► 0 - = 0, (129) 

and for S 2 , where A^q, = rj^a + ia^id^Z we get 

S 2 : {d^fz^ ► 0 - = 0 (130) 


where Z is given in (54). We see that the main new NC feature is the modifieation of dispersion relations 


.Si : = {mZy, Z = \ - ap 


S2: = , Z- 

\Z/ \ + ap 

It is interesting to examine C 4 , where A^y = z/^y - 1 - ia^Dy - iayD^ + ^a^ayD^Z leads to 

^ - rrP^ = 0 . 


m 


1 


(131) 


(132) 


We see that in the ease of C 4 we get = n (a^ = 0), that is the Casimir operator of the Poineare algebra. 
This was expeeted, sinee C 4 is eompatible with the Poineare algebra, and only the eoalgebraie seetor is 
deformed. 

The dispersion relations we obtain here are in general different from the ones usually found in the 
literature. It is usual to investigate the operator □ in different realizations. Operator □ is the generalized 
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d’Alembert operator and it eommutes with the Lorentz generators and translation generators = -id^ 
for any realization of M^y and whieh means that it is a Casimir operator of the deformed Poineare algebra 
and we ean assign to it an invariant mass m in the following way 

□ - ml (133) 


The generalized d’Alembert operator is given by: 

□ = 4 (l - • (134) 

We will use the following notation for the partial derivatives in eaeh realization: 

right eovariant : d^ = 

left eovariant : 5^ = 5^ (135) 

Magueijo-Smolin : 

where the superseripts R, L, MS denote the right covariant, left covariant and Magueijo-Smolin realizations 
respeetively, and stands for the natural realization or elassieal basis (for more details on realizations see 
[40^3]). All four realizations are eonneeted via similarity transformations (see Seetion III and [34,40-43]) 
and they are explieitly eonneeted in the following way 


d; = djjZ, 

D, = dfZ-\ 


where = □ ^1 - and Z is the shift operator given by 

1 


Z - 1 + iad’^ - 


= V(1 + - 


1 


1 - iad^ ' ^ ^ Vl -a^D^' 

Using (136), (137), (133) and = -15^ we get the following dispersion relations 

right eovariant : {p^)^ - -m^Z = -m^(l - ap^) 

left eovariant : (p^)^ = -m^Z~^ = -m^(l + ap^) 


Magueijo-Smolin : - ap‘''^^) 




where rn^rr- 


(l + 4m2) 




. For the time-like deformations of Minkowski spaee (2) we get 


right eovariant : - jf' = m^(l - aoE) 

left eovariant : E^ - jf = m^(l -i- aoE) 
Magueijo-Smolin : E^ - jf - - a^E)^ 


(136) 


(137) 


(138) 


( 139 ) 
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where we used = («o>0) and = {E,p), where = ^. The differenee between these two ap- 
proaehes is mainly in the faet that the operator in the NC Klein-Gordon equation (125) is not related to 
the d’Alambertian invariant under the /r-Poineare algebra, but rather an operator invariant under eertain 
/r-deformation of the igl(n) algebra. 


VIII. FINAL REMARKS 


The framework developed so far will enable us to deseribe and further investigate the physies of other 
field theories. For example we ean also examine /r-deformed eleetrodynamies via 


If- - i 
S = -- J F (F)*, 

where F = dA. The equations of motion are given by dS = 0, that is 

A. A. A. A. A. 

d(dA)* - 0, o d(F)* - 0. 


(140) 


(141) 


A. A. A. A. A. ry A. 

The NC version of Bianehi identity also holds dF = d(dA) = f) >■ A - 0. 

Similarly, for the NC generalization of the Abelian Chern-Simons theory in n = 3 the aetion is given by 


r 

S^k 


A dA 


(142) 


and the eorresponding equation of motion is 


dA = 0 o F - 0. 


(143) 


Further investigations of field theories in this NC setting will be reported elsewhere. 

So far we have analyzed the NC version of the free elassieal field theory. The new physieal eontribution is 
the modifieation of dispersion relations (131). The next step would be to investigate the interaeting elassieal 
field theory, by adding additional terms in the aetion, and then analyze the ease of quantum field theory. In 
order to do this , we have to investigate the /^-matrix whieh would modify the quantization proeedure, that 
is we have to modify the algebra of ereation and annihilation operators via 

0(x) ® (piy) - R(p(y) ® (p{x) = 0 (144) 

whieh will modify the usual spin-statisties relations of free bosons at Planek seale. The /^-matrix is defined 
by the twist operator/? = The issue of star-produet quantization is still under investigation. The idea 

is that the /?-matrix will enable us to define partiele statisties and to properly quantize fields, while the twist 
operator will provide star-produet, whieh is erueial for writing the aetion in terms of commutative variables. 
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which will in the end enable us to derive the Feynman rules and see the NC correction to the propagator and 
vertex. 

The general plan for future work is to study differential calculus on /c-Minkowski space and related 
concepts (e.g. vector fields, Lie derivative, exterior derivative, Hodge star-operator and integration) using 
two approaches: the twist deformation method [33] and the method of realizations [26]. Using a Drinfeld 
twist operator (or a twist in the Hopf algebroid setting [34]) one can introduce noncommutativity via star- 
product on the algebra ^ of complex-valued functions on the classical Minkowski space. We want to study 
the induced deformations of J?l-modules of vector fields and one-forms on /c-Minkowski space as well as 
deformations of the related morphisms. An alternative approach to deformation of the differential algebra 
is based on realizations of coordinates and one-forms on /r-Minkowski space as power series in a formal 
parameter with coefficients in the super-Heisenberg algebra. 

In this paper we have not discussed the issue of NC vector fields. Usually, in NC geometry [31, 54, 55] 
vector fields are replaced with derivations of the NC algebra. We prefer to define NC vector fields via 
V = V^d^, where e Jl and V satisfies a deformed Leibniz rule because of (39). This choice would be 
the natural generalization of the usual vector fields in the commutative case and it is easy to see that this 
definition reduces to the usual definition of vector field on commutative manifold after ^ 0. The duality 
between NC differential forms and NC vector fields is of immense importance and is a work in progress. 

The existence of Cartan operations, i.e. exterior derivative. Lie derivative and inner derivative and their 
mutual commutation relations is under our current investigation. Namely, the exterior derivative is defined 
by (22), while the inner derivative is related to the action of the generator q^. The Lie derivative in our 
approach was first discuss in [37] (see the text after eq. (11) in [37]). 
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Appendix A: Universal formula for Lie algebras 

Let us define a Lie algebra generated by 

{X^,Xy\=iC^j_y'^XA. (Al) 
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The Heisenberg algebra is defined by 

[Xfj,Xy] — \d^,dy\ — 0, [dfj,Xy] — Tj^y (-^2) 

One ean find the realization of the Lie algebra (Al) in terms the of the eompletion of the Heisenberg algebra 
(A2) in first order in C^y^, whieh is related to the Weyl ordering [40]: 

Xi, = x^+ '-x^C^padf^ + 0{C^). (A3) 

In [52] is the eonstruetion of the universal formula for valid in all orders in Cuva 


Xu - X \ - - 

^ 1 1 _ e-e 


where S^y = iCj^avid^T■ This realization eorresponds to the Weyl ordering. 
We ean introduee another Lie algebra generated by and satisfying [34] 

Now, the realization of is also given by the universal formula 


yfi = x 


e^ - 1 


There is an antisomorphism between Lie algebras (Al) and (A5) defined by v y. In the Heisenberg 
algebra there exist an identity among the realization of x and y given by 


where Ouy is given by 


and it ean be shown that x^ and y" eommute 


Xfi — y O^a 


O^y - [e*^] 


[x^,r] = o 


We restriet ourselves to the speeial ease when 


CfivA ~ ^v^fiA- 


(AlO) 


It follows that eombining (A8) and (AlO) we have (we shall omit the label W for the sake of simplieity) 


O^y - [e^] ^ ^ ^-iriyyad^ia^dy ^ + ia^d 


(All) 


“ ^jUV-Z + id^ld )y 
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where ad = Uad" and we usedZ = e'“^ and (d^)y = dy ^ . 
Note that can be interpreted as the right multiplieation 

We also have (47), (52) and 


and similarly for {O ^]^v- 




(A12) 


(A13) 


Appendix B: Explicit calculation of A^v 

Here we will explieitly illustrate the above eonstruetion for the speeial eases of eovariant differential 
algebras introdueed in Seetion II. 

Differential algebra .Si: 

.Si is defined by 

~ (Bl) 

and eorresponds fo the right covariant ordering. Using (49) we have 

A^q. = {e%a ^ r]MaZ~\ (B2) 

where p^ja - Obviously [A“^]^q, = so using (39) and (67) we get 

Ad^ = d^®l+Z® d^, Aqf,=qf,®l+ (-f'Z ® q^,, (B3) 

where we used Z = e“” = 1 + iad . 

Differential algebra 32- 

S 2 is defined by 

fffiva ~ hva^fi (B4) 

and eorresponds to the left covariant ordering. Using (49) we have 

A^a - [e%a (B5) 
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where p^a = Note that p" = pA^ where Aw = iad'^, so e^ = 1 + that is 

^qAw _ Y 


^fia ~ ^fia "t 


w- 


Aw 


~ ^fia "I" 


Sinee [A ^]^q, = T]^a - using (39) and (67) we get 

Adf; = + 1 (g) 5^, ^ Aoq^ + (-)^' df; ® {-iaq), 

where we used Z = = jzj^- 


(B6) 


(B7) 


Differential algebra : 


Sj, is defined by 

Kjiva ~ ~^ijv^a ~ ^/ja^v (B8) 

and eorresponds to the Magueijo-Smolin realization. Using (49) we have 

A^a = exp(-/77^„a5'^) = ^ q^aZ~^ - iaadj;Z~\ (B9) 

where we used Z = = 'v^(l + iad^^)^ + and = d^Z + ^(5^)^Z^. Sinee [A“^]pa = 

q^aZ + ittad^Z^, using (39) and (67) we get 

Ad^s = ® 1 + z ® 5"^ + ia^,Z\d^f ® , A^^ = ® 1 + (-)^> {Z®q^ + iaf,Z\d^f ® q^). (B10) 


Differential algebra C 4 : 


C 4 is defined by 

Kfiva ~ ~q^v^a "I" qva^fi 

and eorresponds fo the natural realization (or elassieal basis) for = 0. Using (49) we have 

Afiy — ?7/iv "t i^fidy ~ iciyD^ 

where we used D^ = and dj; = d^Z~^ - ^~Ad‘^ ’ where Ad - 

[A“^]^y = ?7^v - i<^i.iDv + iav{D^ - ja^D^)Z, for the eoproduets we have 

’ Da + AoDfj. 


(Bll) 


AD^ = 


1 


-/a“D^ + /a^ (D“ - -ia^D^ IZ 


(B13) 
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